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Abstract 

We review the main ideas of [IQ: A change of field variables in the NSNS Lagrangian 
of ten-dimensional supergravity reveals the non-geometric Q-flux expressed in terms of an 
antisymmetric bivector field. After a simple dimensional reduction, the corresponding term 
gives the known contribution in the four- dimensional potential. Problematic non-trivial 
monodromies of non-geometric backgrounds in ten dimensions can be absorbed in a total 
derivative term such that a well-defined Lagrangian is obtained. 
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1 Introduction 

String theory features symmetries that do not have any analogue in point particle quan- 
tum field theories. T-duality, as one of these, relates string backgrounds with different 
geometries and furthermore suggests the existence of so-called non-geometries where the 
notion of spacetime as a continuous manifold breaks down. Non-geometry appears in two 
different but intimately related aspects: 

• Non-geometric backgrounds can be obtained as T-duals of consistent string the- 
ory backgrounds. They exceed the framework of ordinary geometry, as the transition 
functions between coordinate patches have to include T-duality transformations to 
make fields like the metric or the dilaton single-valued. Nonetheless, non-geometric 
backgrounds can be argued to be consistent string backgrounds by considering the 
underlying conformal field theory [2] . 

• Non-geometric fluxes arise when one tries to find higher- dimensional lifts of gauged 
supergravities in four dimensions and can be viewed as duals of the well-known 
geometric fiuxes H and / under T-duality [Sj: 

Habc ^ f\c ^ Qc'^' ^ R""'' . (1) 

In particular, the new fiuxes Q and R are necessary to formulate T-duality invariant 
superpotentials and gauge algebras in four dimensions. 

These two aspects are related by the double role of T-duality: in ten dimensions it leads 
to the existence of non-geometric backgrounds, whereas in four dimensions it connects the 
different types of fluxes. Due to this double role it is natural to expect that non-geometric 
backgrounds can be identifled through corresponding non-geometric fluxes. 

From a purely four- dimensional reasoning, non-geometric backgrounds provide new 
features to stabilise moduli [4] and to obtain de Sitter spacetimes [5]. This turns non- 
geometric flux compactiflcations into a very interesting and promising area of research. 

An important step in flnding a framework which can naturally incorporate non-geometric 
constructions was made with the development of so-called doubled formalisms. As T- 
duality mixes momentum and winding modes, the doubling of the number of coordinates 
or the dimension of the tangent space was proposed to help accommodating the stringy 
extra degrees of freedom. And indeed, it was possible to construct T-duality invariant 
formalisms of which the two main representatives are double fleld theory [B| and gener- 
alised geometry |7|. It has been suggested that these can help to describe geometric and 
non-geometric backgrounds in a unifled way. 

Unfortunately, it has so far been obscure how to formulate a ten-dimensional theory 
that contains non-geometric fluxes and in particular, no supergravity action that reduces 
to known four- dimensional behaviour was available. We provide some progress in this 
direction. 



2 Making non-geometric fluxes appear 

This article reviews [IJ, where we extended the scope of the ten-dimensional NSNS action 
by introducing non-geometric fluxes and drew a link to their four- dimensional counterparts. 
Our conjecture is that the Q-flux can be revealed as a quadratic term, similar to the Kalb- 
Ramond field strength. To this end, we perform a field redefinition in the NSNS Lagrangian 
which is inspired by generalised complex geometry. It connects Q to the bivector /3 which 
has appeared in various contexts in the literature and sometimes has been interpreted as 
a sign of non-geometry. 

Generalised complex geometry provides an object that embeds T-duality transforma- 
tions in a particularly convenient way. It is the generalised metric ?/, given in terms of the 
metric and the Kalb-Ramond field as 



-^=^""1/, L ■ (2) 





A T-duality on these fields can be performed by conjugating the generalised metric with 
an 0{d,d) matrix [S], 

n' = O^HO . (3) 

This transformation property has helped to find the above mentioned T-duality covariant 
formulations of the NSNS action. In our case, the most interesting property of T-t is that 
it can be rewritten in terms of generalised vielbeins S: 

n = s^i2dS . (4) 

These vielbeins are not uniquely defined and may be changed by 0{d) x 0{d) transfor- 
mations without altering the generalised metric itself. It can be shown that there are two 
particular frames where the generalised vielbeins are triangular [9J, 

^-{-^B a-)' ^-(0 $)■ (^) 

Here, e represents an ordinary vielbein, e^e = g, and /3 is an antisymmetric bivector. We 
denote the two field bases with a hat and a tilde, respectively. Writing out the generalised 
metric relates them via 



y -g 'B g ^ I \-(3g g ' - (3g/3 



In particular, the metric and the Kalb-Ramond field can be expressed as 

9mn = [G^ )mk9 ^(^'zp )pn (7) 

Bmn = [G^ )mkP ^{G^ )pn , (8) 



where we used the abbreviation 

Qmn ^ -ran ^ pmn _ (g) 

In addition, we define a new dilaton such that the measure of the action integral remains 
invariant: 

e-'^^\=e-'^^\. (10) 

With these few expressions at hand, it is possible to rewrite the NSNS Lagrangian, 

C = e-^'f'J\§\(lZ + A\d^\^-l-\H\A , (11) 



by simply plugging them in. This can be done in full generality [lOj, but we will focus on 
the special case where we employ a simplifying assumption, 

/3™"5„ = . (12) 

It turns out, that this assumption basically corresponds to having no i?-fiux. Therefore, 
its simplifying power extends over pure technical aspects, as such an i?-fiux has been 
assigned to spoiling any locally geometric description by undermining the notion of points 
in spacetime [H]. Assuming (1121) can thus be motivated by the avoidance of these problems. 
It should be noted that performing the field redefinition requires an integration by parts 
in the scalar curvature term in order to remove terms with double derivatives on g and 
G^^. After a rather involved calculation, it is possible to get the overall result into the 
form 



£ = e-2Vl^l(^ + 4|d0p-^IQr 



(13) 



where the non-geometric fiux Q is defined as 

Q,n"^ = drnP'^P , (14) 

in agreement with other proposed definitions of Q like for example in [9] . This is a quite 
non-trivial result as interestingly all terms containing the unwieldy factors of G"^ cancel 
out among themselves. Additionally, the remaining terms can be organised into the square 
ofQ. 

Before stating an equality between the two Lagrangians (1111) and (I13p . one has to be 
careful about the total derivative we just mentioned. In non-geometric setups, it might 
turn out that total derivatives do not integrate to zero as the fields they contain may have 
non-trivial monodromies. Taking this into account we carefully state the refined result 
that 



C = C + (total derivative) . (15) 



These findings can be exemplified by the well-known T^ fibration over S*^ with i^-fiux. 
It admits two T-dualities by symmetry, so that a situation with Q-fiux can be obtained. 



The corresponding Lagrangian L is ill-defined due to nionodromies of the metric, but going 
to the redefined fields and the Lagrangian L cures this problem and provides a well-defined 
action. Nevertheless this comes with a trade-off, as now the total derivative term turns out 
to be ill-defined and thus remains non-zero after integration. It was therefore argued in 
PP, as a kind of prescription, to neglect the total derivative and to describe the theory by 
only using the Lagrangian C Furthermore, we argue that this prescription remains useful 
in more involved backgrounds as well. 

3 Compactification 

As a first check that the ten-dimensional Q-fiux defined here can indeed be viewed as a 
proper lift of the four-dimensional non-geometric flux Q, we consider its scaling properties 
under fluctuations of the metric and the dilaton after a simple dimensional reduction. 
To this end, we define two moduli a and p as four- dimensional fluctuations around their 
respective vacuum expectation value: 

gn^{x^) -> gnvP{x^) (16) 

e-^C--) _, e-*e-^(^") = ^."^e-^^^") (17) 

where indices m are ten-dimensional, and indices fi are four- dimensional. Performing the 
reduction leaves us with the four-dimensional action in Einstein frame, 

Se = Ml I d^x,/\^\ (n^ + kin + a-^p-'ne-^a~^p\Q\^^ , (19) 

where M4 denotes the four- dimensional Planck mass Ml = Ly{2n'^g1) with Lq the internal 
volume, and kin denotes the kinetic terms for the moduli. The internal curvature scalar 
7^6 Eind the Q-flux now denote vacuum expectation values. Comparing their scaling with 
respect to the defined moduh, 

K. ~ (y-^p-' , Vq ~ a-V , (20) 

we find full agreement with p^, where the authors argued from a four-dimensional per- 
spective. 

4 Relation to T-duality invariant formalisms 

Double field theory [6j provides an action that is manifestly T-duality invariant at the cost 
of doubling the coordinates. It makes use of the generalised metric ([2]) and may thus be 
connected to the ideas presented here. In fact, our field redefinition leaves the generalised 
metric invariant and therefore corresponds to a particular 0{d, d) transformation in double 
field theory. 



It is well-known that the double field theory action can be reduced to the standard 
NSNS action by simply taking the fields to be independent of the dual coordinates. We 
propose that the same reduction reproduces our L when performed after applying the field 
redefinition in the form of a global 0{d^ d) transformation. This can be summarised in the 
following diagram. 

CDFTm9,B)J) — CDFTm~9J),4^) (21) 



c + d{...) ^=^= c + d{..:) 

Recently, we were able to prove this proposal and found an interesting interpretation 
of the Q-fiux as part of a connection that makes the winding derivatives covariant [TU] . 
Furthermore, it was possible to drop the simplifying assumption and reveal the i?-fiux in 
its fully covariant form. 

5 Outlook 

There are several directions into which this work can be extended. 

• Here, we only investigated the NSNS sector and it would be interesting to extend our 
ideas in a way that RR fiuxes can be included as well. This may especially help to 
restore S-duality and points into the direction of exceptional generalised geometry. 

• As it has turned out that double field theory provides a framework where the full set 
of non-geometric fiuxes can be described, it might be interesting to work out examples 
that go beyond the doubled torus with H-fiux. Especially, it has to be clarified how 
the strong constraint of double field theory relates to the global obstructions of non- 
geometric backgrounds. 

• So far, the connection to four dimensions has been kept on a very basic level. It is 
of course desirable to draw the link between ten-dimensional non-geometric fiuxes 
and the corresponding gauge algebra of the gauged supergravity in four dimensions. 
Some considerations along these lines can for example be found in [I3j . 
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